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Safe Decision-making under Uncertainty

Many real-world applications require making decisions under
uncertainty, while ensuring that constraints are always satisfied.

How do we ensure constraint satisfaction under incomplete information
without sacrificing performance?
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Online Convex Optimization (OCO)
Online convex optimization (OCO) is a powerful framework for handling
decision-making under uncertainty.

Online Convex Optimization

In each round t P rT s:
Player chooses action xt P X Ď Rd .
Adversary chooses ft : Rd Ñ R and player suffers cost ftpxtq.
Player observes ft .

Player aims to minimize regret with respect to single best action
in hindsight, RT “

řT
t“1 ftpxtq ´ minxPX

řT
t“1 ftpxq.

However, most OCO approaches assume that either
constraints on the player’s actions are entirely known, or
constraint violation is acceptable.
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Safe OCO with First-order Feedback

Interaction Model

In each round t P rT s:
Player chooses action xt P X Ď Rd .
Adversary chooses ft : Rd Ñ R and player suffers cost ftpxtq.
Player observes ∇ftpxtq, gpxtq,∇gpxtq.

Learning Goals

Ensure constraint satisfaction: gpxtq ď 0 for all t P rT s.
Minimize regret w.r.t. to best feasible action

RT “

T
ÿ

t“1

ftpxtq ´ min
xPX :gpxqď0

T
ÿ

t“1

ftpxq
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Handling Unknown Constraints: Optimistic Sets
Assumption
The constraint function g is M-strongly convex.

We construct an optimistic set that contains the feasible set,

Yo
t :“

"

x P X : gpxtq ` ∇gpxtq
Jpx ´ xtq `

M
2

}x ´ xt}
2 ď 0

*

Ě tx P X : gpxq ď 0u “: Y.

Therefore, playing online gradient descent over the optimistic sets
ensures low regret, i.e.

xt`1 “ ΠYo
t
pxt ´ η∇ftpxtqq @t P rT s

ùñ

T
ÿ

t“1

ftpxtq ´ min
xPX :gpxqď0

T
ÿ

t“1

ftpxq ď Op
?

T q

However, this does not ensure constraint satisfaction!
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Maintaining Constraint Satisfaction: Pessimistic Sets
Assumption
The constraint function g is L-smooth.

We construct a pessimistic set that is contained by the feasible set,

Yp
t :“

"

x P X : gpxtq ` ∇gpxtq
Jpx ´ xtq `

L
2

}x ´ xt}
2 ď 0

*

Ď tx P X : gpxq ď 0u “: Y.

Therefore, we can play within the pessimistic set to ensure constraint
satisfaction,

xt P Yp
t @t P rT s ùñ gpxtq ď 0 @t P rT s

How do we ensure low regret while playing only within the pessimistic
set?
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Proposed Algorithm
Algorithm 1: Restrained Online Gradient Descent (ROGD)

Set x̃1 “ 0 and x1 “ 0.
for t “ 1 to T do

Play xt and observe ∇ftpxtq, gpxtq,∇gpxtq.
x̃t`1 “ ΠYo

t
px̃t ´ η∇ftpxtqq.

γt “ maxtµ P r0, 1s : xt ` µpx̃t`1 ´ xtq P Yp
t u.

xt`1 “ xt ` γtpx̃t`1 ´ xtq.
end
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Regret Bound

Assumption
Gradients of ft are bounded, i.e. }∇ftpxq} ď G for all t P rT s, x P X .
X is bounded, i.e. }x ´ y} ď D for all x , y P X .

Theorem
Let κ :“ L{M be the condition number of the constraint. Then, the
regret of ROGD satisfies,

RT ď pκ ´ 1qG2ηT
gap between x̃t and xt

`
D2

2η
`

1
2

G2ηT

regret of OGD

.

Choosing η “ D
G

?
T

, ensures that RT ď κDG
?

T .
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Analysis Approach

RT “

T
ÿ

t“1

pftpxtq ´ ftpx˚qq px˚ :“ argmin
xPX :gpxqď0

T
ÿ

t“1

ftpxqq

ď

T
ÿ

t“1

∇ftpxtq
Jpxt ´ x˚q pconvexityq

“

T
ÿ

t“1

∇ftpxtq
Jpxt ´ x̃tq `

T
ÿ

t“1

∇ftpxtq
Jpx̃t ´ x˚q

“ G
T

ÿ

t“1

}xt ´ x̃t}

Term I

`

T
ÿ

t“1

∇ftpxtq
Jpx̃t ´ x˚q

Term II

Term I = cumulative distance between xt and x̃t .
Term II = linearized regret of x̃t .
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Term I
Lemma
It holds that γt ě 1{κ for all t P rT s.

γt “ maxtµ P r0, 1s : xt ` µpx̃t`1 ´ xtq P Yp
t u

xt`1 “ xt ` γtpx̃t`1 ´ xtq

Suppose that }xt ´ x̃t} ď Gpκ ´ 1qη. It follows that,

}xt`1 ´ x̃t`1} “ }xt ` γtpx̃t`1 ´ xtq ´ x̃t`1}

“ p1 ´ γtq}xt ´ x̃t`1}

“ p1 ´ γtq}xt ´ ΠYo
t
px̃t ´ η∇ftpxtqq}

ď p1 ´ 1{κq}xt ´ ΠYo
t
px̃t ´ η∇ftpxtqq}

ď p1 ´ 1{κq}xt ´ x̃t ` η∇ftpxtq}

ď p1 ´ 1{κqp}xt ´ x̃t} ` η}∇ftpxtq}q

ď p1 ´ 1{κqp}xt ´ x̃t} ` η}∇ftpxtq}q

ď p1 ´ 1{κqp}xt ´ x̃t} ` ηGq

ď p1 ´ 1{κqpGpκ ´ 1qη ` ηGq

“ Gηpκ ´ 1q

Lemma
It holds that }xt ´ x̃t} ď Gpκ ´ 1qη for all t P rT s.

Term I “

T
ÿ

t“1

}xt ´ x̃t}

ď

T
ÿ

t“1

Gpκ ´ 1qη

“ TGpκ ´ 1qη

“ Op
?

T q pη “ Θp1{
?

T qq
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Term II
Since x˚ P Y Ď Yo

t and Yo
t is convex, it holds that,

}x̃t`1 ´ x˚}2 “ }ΠYo
t
px̃t ´ η∇ftpxtqq ´ x˚}2

ď }x̃t ´ η∇ftpxtq ´ x˚}2

“ }x̃t ´ x˚}2 ´ 2η∇ftpxtq
Jpx̃t ´ x˚q ` η2}∇ftpxtq}2

ď }x̃t ´ x˚}2 ´ 2η∇ftpxtq
Jpx̃t ´ x˚q ` η2G2.

Then, rearranging,

Term II “
ÿ

t

∇ftpxtq
Jpx̃t ´ x˚q

ď
1
2η

ÿ

t

p}x̃t ´ x˚}2 ´ }x̃t`1 ´ x˚}2q `
1
2

G2ηT

ď
1
2η

p}x̃1 ´ x˚}2 ´ }x̃T `1 ´ x˚}2q `
1
2

G2ηT

ď
1
2η

D2 `
1
2

G2ηT “ Op
?

T q. pη “ Θp1{
?

T qq
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Extension to Time-varying Constraints
Our approach can handle time-varying constraints g1, g2, ...,gT ,
assuming that:

Constraint sets are monotone increasing, i.e.
tx : g1pxqu Ď tx : g2pxqu Ď ... Ď tx : gT pxqu.
Player receives first-order feedback on next constraint, i.e. player
observes gt`1pxtq,∇gt`1pxtq.

In this case, we give a bound on the dynamic regret,

Rd
T “

T
ÿ

t“1

ftpxtq ´

T
ÿ

t“1

min
xPX :gt pxqď0

ftpxq “ Op
a

T pPT ` 1qq,

where PT is the path length of minimizer sequence, i.e.

PT “

T ´1
ÿ

t“1

}x˚
t ´ x˚

t`1}, x˚
t “ argmin

xPX :gt pxqď0
ftpxq.
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Numerical Experiments

Empirical comparison of ROGD with first-order feedback to online
gradient descent (OGD) with full constraint information.

Fixed cost function and fixed

constraint.

Time-varying cost function and fixed

constraint.

Time-varying cost function and

time-varying constraint.
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Future Directions

Some interesting directions for future work:
Relax assumptions on the constraint function (smooth and
strongly-convex).
Use weaker feedback models, e.g. zero-order feedback. (See our
L4DC paper)
Apply our approach to related safe learning settings, e.g.
distributed online optimization or online control.
Apply our algorithm to real-world settings, such as demand
response in the electric grid.

Thank you for listening!

shutchinson@ucsb.edu

Hutchinson and Alizadeh (UCSB) Safe OCO with First-order Feedback July 10, 2024 14 / 14


