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Warm Up: Unconstrained Adaptive LQR

Unconstrained Adaptive LQR with Regret

In each time step t:
@ Observe state x;.
@ Choose input u;.
@ Incur cost £(x;, ut) = X Qx; + u/ Ru;.
@ State evolves: x;. 1 = Ax; + But + wy, wp ~ iid

System (A, B) is unknown. Aim to minimize regret against best
linear controller,

RT = ZIT=1 E(Xtv Ut) - J*7

State-of-the-art is O(v/T) regret bounds in this setting.’

' Abbasi-Yadkori & Szepesvari (2011), Simchowitz & Foster (2020)
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Prior Work on Constrained Adaptive Control

Adaptive MPC?

@ Optimizes policy subject to constraints over prediction horizon.
@ Theoretical guarantees include constraint satisfaction (via
recursive feasibility) and asymptoticasymptotic cost bounds.

Constrained LQR with Regret Bounds?®
@ O(T?3) regret and satisfaction of robust constraints:

of [ﬂ <B, Vw)l_jew, vte[T]
t

Can we get O(\/T) regret for the constrained LQR?
We show O(+/T) regret and satisfaction of chance-constraints:

P(J [ﬂ </3> >1-6, VtelT]

t

2e.g. Genceli & Nikolaou (1996), Aswani et al. (2013), Tanaskovic et al. (2014)
3Dean et al. (2019), Li et al. (2021)
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Adaptive LQR with Chance-constraints

Interaction Model
In each time step t € [T]:

@ Observe state x;.

@ Choose input u;.

@ Incur cost £(xt, ut) = X Qx; + u/ Ru.

@ State evolves: x;, 1 = Ax; + Buy + wy, wy ~ N(0, W)
System (A, B) is unknown.

Chance-constraints

P(of K] <5) 215 wiemveel

t

Main assumption Known baseline policy K ensures that,

P(ajT [Xf] <5—e) >1-4§ Vje[J],Vte[T]

ut
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Regret against best linear controller

Evaluate performance with regret against a benchmark cost J*.
T
RT = Z E(Xt, Ut) —J
t=1

Take J* to be best cost attainable by a linear controller that satisfies
the chance-constraints.
T
J =minE » (x,up)
K
t=1
s.t. ur = Kx;

K is stabilizing

P(ajT [Xf] <6) >1-0, Vje[J],vte[T]
Ut
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Covariance Viewpoint
View the problem as choosing the target steady-state covariance:
e v B0
Can then choose input that (approximately) induces that covariance:
ur = N(Kxe, Up), Ki=ZpuxXp), U=Ziw— KiZppK '

t,xx>
Advantages of this perspective:
@ Space of steady-state covariance is convex.
@ Expected cost is linear in covariance at steady-state.
@ Constraint is linear in covariance at steady-state.
@ Existing tools from unconstrained adaptive LQR.*

Yo =[ABIZ[AB]" +W, ¥>0

E[¢(xt, ur)] =<[§ 3], %)

,82

2 4 7 a o
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Unconstrained Optimistic SDP>

Optimism in the face of uncertainty is a well-known paradigm for
decision-making under uncertainty.

“Behave as though unknown is as favorable as reasonably possible” J

When choosing ¥, the “unknown” is the system (A, B) in the
steady-state condition:

Y = [AB|Z[AB]T + W
Error bounds on the true system in terms of the estimate (A, B):
I[ABIZ[AB]" — [ABIX[AB]"| < (V7' 5),
Relax the steady-state condition accordingly:

Yo = [ABIZ[AB]T + W — (V71 51

®Cohen, Koren & Mansour, 2019
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Unconstrained Optimistic SDP®

Optimism in the face of uncertainty is a well-known paradigm for
decision-making under uncertainty.

“Behave as though unknown is as favorable as reasonably possible” J

In unconstrained setting, efficient policy can then be computed with an
optimistic SDP:

Y;= argmin <[g 91.%)

=[5 5]

St T = [ABIZ[AB]T + W — (V"5
Yy>0

8Cohen, Koren & Mansour, 2019
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Constrained Optimistic SDP

We incorporate constraints in to optimistic SDP:

¥°= argmin (98%].D
Z:[ZXX ZXU
zU)( zUU
st. Y = [ABIZ[AB]" + W — (V1,21
(aa” Ty < B2/ (1 - 6)?
¥>0

The resulting policy will have low regret, but is not guaranteed to

satisfy the constraints due to the relaxed steady-state condition.

How do we ensure constraint satisfaction while maintaining efficiency?
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Inspiration: Scaled-back Optimism’
optimistic policy set

How do we construct the pessimistic policy set?

"Hutchinson, Turan & Alizadeh, 2024
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Bounding the System Covariance

To construct the pessimistic policy set, need to understand how the
actual system covariance cov( ;) relates to the chosen policy.

Let the following hold:
@ X;is Fi—, measurable where p = log(T).
@ X —Xp1] <¢
@ Y > [ABJL[A B]—r + W —n

Then,

cov( i |Fi—p) =Xt <O(1) (1/T + ¢ +n) | (1)

v

Algorithm design techniques:

@ Delay state information by p steps before using it for estimation.
@ Slowly vary policy.

Choose pessimistic set such that constraints are satisfied given (1).
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Algorithm

Algorithm 1: Safe Adaptive LQR

Initialization phase for 7y time steps.

fort=rto T do

if substantial new information then

(A, B) — estimate system with delayed information
Y 9 « constrained optimistic SDP

ybase  gstimate covariance of baseline policy
EP « pessimistic set

¢ = max{p e [0,1] : pZ° + (1 — ¢) L1 € £P}
S = ¢Zo + (1 _ ¢)Zbase

end

Y=+ (X -Zq)C

ut < extract policy from ¥;

end
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Numerical Experiments
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Conclusion
Contributions
@ O(V/T) regret for LQR with chance-constraints
@ Proposed algorithm combines optimistic SDP with “scaled-back
optimism”

Future work
@ Extend to non-Gaussian (e.g. via Cantelli’s inequality).
@ Does certainty equivalence work in this setting?
@ What can we say about robust constraints?

Thank you!

shutchinson@ucsb.edu
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https://web.ece.ucsb.edu/~alizadeh/Safe_Adaptive_LQR_Full.pdf

