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Warm Up: Unconstrained Adaptive LQR

Unconstrained Adaptive LQR with Regret

In each time step t :
Observe state xt .
Choose input ut .
Incur cost ℓpxt , utq “ xJ

t Qxt ` uJ
t Rut .

State evolves: xt`1 “ Axt ` But ` wt , wt „ iid

System pA,Bq is unknown. Aim to minimize regret against best
linear controller,

RT “
řT

t“1 ℓpxt , utq ´ J‹,

State-of-the-art is Õp
?

T q regret bounds in this setting.1

1Abbasi-Yadkori & Szepesvari (2011), Simchowitz & Foster (2020)
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Prior Work on Constrained Adaptive Control
Adaptive MPC2

Optimizes policy subject to constraints over prediction horizon.
Theoretical guarantees include constraint satisfaction (via
recursive feasibility) and asymptoticasymptotic cost bounds.

Constrained LQR with Regret Bounds3

ÕpT 2{3q regret and satisfaction of robust constraints:

αJ
j

„

xt
ut

ȷ

ď β, @pwτ qt
τ“1 P W, @t P rT s

Can we get Õp
?

T q regret for the constrained LQR?
We show Õp

?
T q regret and satisfaction of chance-constraints:

P
ˆ

αJ
j

„

xt
ut

ȷ

ď β

˙

ě 1 ´ δ, @t P rT s

2e.g. Genceli & Nikolaou (1996), Aswani et al. (2013), Tanaskovic et al. (2014)
3Dean et al. (2019), Li et al. (2021)
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Adaptive LQR with Chance-constraints
Interaction Model
In each time step t P rT s:

Observe state xt .
Choose input ut .
Incur cost ℓpxt , utq “ xJ

t Qxt ` uJ
t Rut .

State evolves: xt`1 “ Axt ` But ` wt , wt „ N p0,W q

System pA,Bq is unknown.

Chance-constraints

P
ˆ

αJ
j

„

xt
ut

ȷ

ď β

˙

ě 1 ´ δ @j P rJs,@t P rT s

Main assumption Known baseline policy K ensures that,

P
ˆ

αJ
j

„

xt
ut

ȷ

ď β ´ ϵ

˙

ě 1 ´ δ @j P rJs,@t P rT s
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Regret against best linear controller
Evaluate performance with regret against a benchmark cost J‹.

RT “

T
ÿ

t“1

ℓpxt , utq ´ J‹

Take J‹ to be best cost attainable by a linear controller that satisfies
the chance-constraints.

J‹ “ min
K

E
T

ÿ

t“1

ℓpxt , utq

s.t. ut “ Kxt

K is stabilizing

P
ˆ

αJ
j

„

xt
ut

ȷ

ď β

˙

ě 1 ´ δ, @j P rJs,@t P rT s
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Covariance Viewpoint
View the problem as choosing the target steady-state covariance:

Σt “

”

Σt,xx Σt,xu
Σt,ux Σt,uu

ı

« covp
xt
ut q

Can then choose input that (approximately) induces that covariance:

ut “ N pKtxt ,Utq, Kt “ Σt ,uxΣ
´1
t ,xx , U “ Σt ,uu ´ KtΣt ,xxK J

Advantages of this perspective:
Space of steady-state covariance is convex.
Expected cost is linear in covariance at steady-state.
Constraint is linear in covariance at steady-state.
Existing tools from unconstrained adaptive LQR.4

Σxx “ rA BsΣrA BsJ ` W , Σ ľ 0

Erℓpxt , utqs “ x
“

Q 0
0 R

‰

,Σy

P
ˆ

αJ

„

xt
ut

ȷ

ď β

˙

ě 1 ´ δ ðñ
at steady-state

xααJ,Σy ď
β2

Φ´1p1 ´ δq2

How do we choose Σt?
4Cohen, Koren & Mansour, 2019
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Unconstrained Optimistic SDP5

Optimism in the face of uncertainty is a well-known paradigm for
decision-making under uncertainty.

“Behave as though unknown is as favorable as reasonably possible”

When choosing Σt , the “unknown” is the system pA,Bq in the
steady-state condition:

Σxx “ rA BsΣrA BsJ ` W

Error bounds on the true system in terms of the estimate pÂ, B̂q:

}rÂ B̂sΣrÂ B̂sJ ´ rA BsΣrA BsJ} ď ηxV̄ ´1,Σy,

Relax the steady-state condition accordingly:

Σxx ľ rÂ B̂sΣrÂ B̂sJ ` W ´ ηxV̄ ´1,ΣyI
5Cohen, Koren & Mansour, 2019
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Unconstrained Optimistic SDP6

Optimism in the face of uncertainty is a well-known paradigm for
decision-making under uncertainty.

“Behave as though unknown is as favorable as reasonably possible”

In unconstrained setting, efficient policy can then be computed with an
optimistic SDP:

Σt “ argmin
Σ“

”

Σxx Σxu
Σux Σuu

ı

x
“

Q 0
0 R

‰

,Σy

s.t. Σxx ľ rÂ B̂sΣrÂ B̂sJ ` W ´ ηxV̄ ´1,ΣyI
Σ ľ 0

6Cohen, Koren & Mansour, 2019
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Constrained Optimistic SDP

We incorporate constraints in to optimistic SDP:

Σo “ argmin
Σ“

”

Σxx Σxu
Σux Σuu

ı

x
“

Q 0
0 R

‰

,Σy

s.t. Σxx ľ rÂ B̂sΣrÂ B̂sJ ` W ´ ηxV̄ ´1,ΣyI

xααJ,Σy ď β2{Φ´1p1 ´ δq2

Σ ľ 0

The resulting policy will have low regret, but is not guaranteed to
satisfy the constraints due to the relaxed steady-state condition.

How do we ensure constraint satisfaction while maintaining efficiency?
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Inspiration: Scaled-back Optimism7

feasible policy set

pessimistic policy set

optimistic policy set

optimistic policy

baseline policy

How do we construct the pessimistic policy set?
7Hutchinson, Turan & Alizadeh, 2024
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Bounding the System Covariance
To construct the pessimistic policy set, need to understand how the
actual system covariance covp

xt
ut q relates to the chosen policy.

Lemma
Let the following hold:

Σt is Ft´ρ measurable where ρ — logpT q.
}Σt ´ Σt`1} ď ζ

Σt ,xx ľ rA BsΣt rA BsJ ` W ´ η

Then,
covp

xt
ut |Ft´ρq ´ Σt ĺ Õp1q p1{T ` ζ ` ηq I (1)

Algorithm design techniques:
Delay state information by ρ steps before using it for estimation.
Slowly vary policy.

Choose pessimistic set such that constraints are satisfied given (1).
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Algorithm

Algorithm 1: Safe Adaptive LQR

Initialization phase for τ1 time steps.
for t “ τ1 to T do

if substantial new information then
pÂ, B̂q Ð estimate system with delayed information
Σo Ð constrained optimistic SDP
Σbase Ð estimate covariance of baseline policy
Ep Ð pessimistic set
ϕ “ maxtϕ P r0, 1s : ϕΣo ` p1 ´ ϕqΣbase P Epu

Σ̄ “ ϕΣo ` p1 ´ ϕqΣbase

end
Σt “ Σt´1 ` pΣ̄ ´ Σt´1qζ
ut Ð extract policy from Σt

end
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Numerical Experiments

A “

„

0.95 0.1
0 0.5

ȷ

, B “

„

0.1
1

ȷ

Q “

„

1 0.1
0.1 0.1

ȷ

, R “ 1, W “ 0.7I

P
ˆ

r0 1 0s

„

xt
ut

ȷ

ď 2
˙

ě 0.9
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Conclusion
Contributions

Õp
?

T q regret for LQR with chance-constraints
Proposed algorithm combines optimistic SDP with “scaled-back
optimism”

Future work
Extend to non-Gaussian (e.g. via Cantelli’s inequality).
Does certainty equivalence work in this setting?
What can we say about robust constraints?

Thank you!

shutchinson@ucsb.edu
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https://web.ece.ucsb.edu/~alizadeh/Safe_Adaptive_LQR_Full.pdf

