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We study online convex optimization with functional constraints. Our new approach, that we
call Polyak feasibility steps, enjoys 0(\/7 ) regret and anytime constraint satisfaction while

only using first-order constraint feedback.
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PROBLEM SETUP

Interaction Model
At each round t € |T]:
1.Choose action x, € R%.
2.0bserve cost function f;: R — R.

Reference Regret Constraint Guarantee

Known Strictly-feasible Point?

Learning Goals

1,2,3,4 O(VT I <0 no Minimize regret with respect to feasible set: Assumptions
| | (\/_) =19 (%) 9 T P T Cost gradients Vf; are bounded.
this work 0(VT) g(x;) <0, vVt € [T] yes R, = 2 f,(x) — min 2 £.(x) Action set X' is bounded.
s . O(JT <0 Vi > CloaT — x:g(x)<0 — Constraint gradients Vg bounded.
'S wor ( ) glx) <0, vt = Clog o Keep constraint violations g(x,), g(x5), ..., g(x7) small. Exists x € R? such that g(x) < 0.
ALGORITHM ANALYSIS
) Regret Analysis | Yt

In each round t € [T]:
1. Cost gradient descent:

1. Represent as projection on to separating hyperplane:
xt+1 — H}[t(yt)

v, = x; —nVfi(x,) H,={x:9(x;) +Vglx,) (x —x;) +p <0} \\ §
2. Polyak feasibility step: 2. Projection shrinks distance to tightened feasible set: \ KoY ‘
[g(xe) +Vg(x) ' (e — x) + pls Mg, ve) — x| < llye —xll,  Vxe X, ={x:g(x)+p <0}
— 1Vg (x)|]% vg(xt) 3. Apply standard OGD analysis: Xo\ N\, -
) Ry = O(NT) + Cp \ ‘
Motivation Feasibility Analysis
1. Polyak step-size: Yt 1. Polyak step-size rapidl); ércwr)m_l:i) distance to feasible set:
C : .
% nvggvgnz vge) A = X g GeE VI dist(ze41, X, ) < ydist(xe, Xp)
2. First-order approximation of constraint: 2. Algorithm approximates Polyak step-size:
gye) = g(xe) + Vg(xt)T(yt — X¢) X, 1Ze41 — Xeq1ll S G

3. Tightening of constraint:
g(xt) « glxe) +p
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3. Put everything together:
G
dist(le,Xp) < ytdist(xl,Xp) | 177_ v’

9(xey1) < C1thiSt(x1»Xp) +Cn—p
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