
CONTRIBUTIONS

We study online convex optimization with functional constraints. Our new approach, that we

call Polyak feasibility steps, enjoys 𝑂 𝑇 regret and anytime constraint satisfaction while

only using first-order constraint feedback.

Constrained Online Convex Optimization with Polyak Feasibility Steps

Reference Regret Constraint Guarantee Known Strictly-feasible Point?

[1,2,3,4] 𝑂 𝑇 σ𝑡=1
𝑇 𝑔(𝑥𝑡) ≤ 0 no

this work 𝑂 𝑇 𝑔 𝑥𝑡 ≤ 0, ∀𝑡 ∈ [𝑇] yes

this work 𝑂 𝑇 𝑔 𝑥𝑡 ≤ 0, ∀𝑡 ≥ 𝐶 log 𝑇 no
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ALGORITHM

In each round 𝑡 ∈ [𝑇]:

1. Cost gradient descent: 

𝑦𝑡 = 𝑥𝑡 − 𝜂∇𝑓𝑡 𝑥𝑡

2. Polyak feasibility step: 

𝑥𝑡+1 = 𝑦𝑡 −
𝑔 𝑥𝑡 + ∇𝑔 𝑥𝑡

⊤ 𝑦𝑡 − 𝑥𝑡 + 𝜌 +

∇𝑔 𝑥𝑡
2

∇𝑔(𝑥𝑡)

Motivation

1. Polyak step-size:

𝑦𝑡 −
𝑔 𝑦𝑡

∇𝑔 𝑦𝑡
2

∇𝑔(𝑦𝑡)

2. First-order approximation of constraint:

𝑔 𝑦𝑡 ≈ 𝑔 𝑥𝑡 + ∇𝑔 𝑥𝑡
⊤(𝑦𝑡 − 𝑥𝑡)

3. Tightening of constraint:

𝑔 𝑥𝑡 ← 𝑔 𝑥𝑡 + 𝜌

𝑥𝑡

𝑦𝑡

−𝜂∇𝑓𝑡(𝑥𝑡)𝑥𝑡+1

−𝛼𝑡∇𝑔(𝑥𝑡)
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PROBLEM SETUP
Interaction Model

At each round 𝑡 ∈ [𝑇]:

1.Choose action 𝑥𝑡 ∈ ℝ𝑑.

2.Observe cost function 𝑓𝑡: ℝ𝑑 → ℝ.

Assumptions

Cost gradients ∇𝑓𝑡 are bounded.

Action set 𝒳 is bounded.

Constraint gradients ∇𝑔 bounded.

Exists 𝑥 ∈ ℝ𝑑 such that 𝑔 𝑥 < 0.

Learning Goals

Minimize regret with respect to feasible set:

𝑅𝑇 = ෍

𝑡=1

𝑇

𝑓𝑡(𝑥𝑡) − min
𝑥:𝑔(𝑥)≤0

෍

𝑡=1

𝑇

𝑓𝑡(𝑥) 

Keep constraint violations 𝑔 𝑥1 , 𝑔 𝑥2 , … , 𝑔(𝑥𝑇) small.

𝑥𝑡

𝑓𝑡

ANALYSIS
Regret Analysis

1. Represent as projection on to separating hyperplane:

𝑥𝑡+1 = Πℋ𝑡
(𝑦𝑡)

ℋ𝑡 = {𝑥: 𝑔 𝑥𝑡 + ∇𝑔 𝑥𝑡
⊤ 𝑥 − 𝑥𝑡 + 𝜌 ≤ 0}

2. Projection shrinks distance to tightened feasible set:

Πℋ𝑡
𝑦𝑡 − 𝑥 ≤ 𝑦𝑡 − 𝑥 , ∀𝑥 ∈ 𝒳𝜌 = {𝑥: 𝑔 𝑥 + 𝜌 ≤ 0}

3. Apply standard OGD analysis:

𝑅𝑇 = 𝑂 𝑇 + 𝐶𝜌

𝑥𝑡

𝑦𝑡

𝑥𝑡+1

𝒳𝜌
ℋ𝑡

𝑧𝑡+1

Feasibility Analysis

1. Polyak step-size rapidly shrinks distance to feasible set:

𝑧𝑡+1 = 𝑥𝑡 −
𝑔 𝑥𝑡 + 𝜌

∇𝑔 𝑥𝑡
2

∇𝑔 𝑥𝑡 ,  dist 𝑧𝑡+1, 𝒳𝜌 ≤ 𝛾dist 𝑥𝑡 , 𝒳𝜌

2. Algorithm approximates Polyak step-size:

𝑧𝑡+1 − 𝑥𝑡+1 ≤ 𝜂𝐺

3. Put everything together:

dist 𝑥𝑡+1, 𝒳𝜌 ≤ 𝛾𝑡dist 𝑥1, 𝒳𝜌 +
𝜂𝐺

1 − 𝛾
,  𝑔 𝑥𝑡+1 ≤ 𝐶1𝛾𝑡dist 𝑥1, 𝒳𝜌 + 𝐶2𝜂 − 𝜌
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