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We study online convex optimization with unknown linear constraints and give algorithms that enjoy ෨𝑂 𝑇 regret and no constraint violation.

Our approach leverages optimism to maintain low regret while ensuring no violation of the constraint.
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Reference Constraint Variation Constraint Type Regret Violation

[1,2] static linear 𝑇2/3 no violation

this work static linear 𝑻 no violation

[3,4,5,6] stochastic convex 𝑇 𝑇 cumulative

this work stochastic linear 𝑻 no violation

PROBLEM SETUP

Interaction Model

At each round 𝑡 ∈ [𝑇]:

1.Choose action 𝑥𝑡 ∈ 𝒳.

2.Observe cost function 𝑓𝑡.

3.Observe noisy constraint feedback 𝑦𝑡 = 𝐴𝑥𝑡 + 𝜀𝑡.

Learning Goals

Satisfy constraint in all rounds: 𝐴𝑥𝑡 ≤ 𝑏 ∀𝑡 ∈ [𝑇]

Minimize regret with respect to feasible set:
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Assumptions

Cost gradients ∇𝑓𝑡 and action set 𝒳 are bounded.

Origin is strictly feasible, i.e. 𝟎 ∈ 𝒳, 𝑏 > 0.

Noise 𝜀𝑡 is conditionally-subgaussian.

Constraint matrix 𝐴 is bounded.
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Safe Scaling

Scale ෤𝑥𝑡  until it is in the 

pessimistic set, and play the 

resulting action 𝑥𝑡.

Rare updating

Only need to update optimistic 

and pessimistic sets when 

determinant of Gram matrix 

det(𝑉) doubles.

ALGORITHM

Constraint Estimation

Least-squares estimator መ𝐴 provides high-probability confidence 

bounds on the constraint:
መ𝐴𝑥 − 𝛽 𝑥 𝑉−1𝟏 ≤ 𝐴𝑥 ≤ መ𝐴𝑥 + 𝛽 𝑥 𝑉−1𝟏

Optimistic and Pessimistic Sets

Use confidence bounds to construct a set that overestimates the 

constraint (optimistic set 𝒴𝑜) and a set that underestimates the 

constraint (pessimistic set 𝒴𝑝).

Optimistic Action

Use a generic online optimization algorithm 𝒜 to choose an action 

෤𝑥𝑡 from optimistic set 𝒴𝑜.

STOCHASTIC CONSTRAINTS

Our approach extends to stochastic linear constraints of the form 

𝑔𝑡 𝑥 = 𝐴𝑡𝑥 − 𝑏𝑡. In this case, we guarantee ෨𝑂 𝑇  regret and no 

expected violation 𝔼 𝑔 𝑥𝑡 ≤ 0, assuming that 𝐴𝑡 , 𝑏𝑡 𝑡 is i.i.d., 𝐴𝑡 is 

bounded, 𝑏𝑡 is bounded, 𝔼[𝑏𝑡] is positive, and 𝔼[𝑏𝑡] is known.

EFFICIENT VERSION
The original approach requires an algorithm for online optimization 

over a non-convex set, which cannot be computed efficiently. To 

remedy this:

• Relax 2-norm to infinity-norm in the optimistic set:

𝒴𝑜 = 𝑥 ∈ 𝒳: መ𝐴𝑥 − 𝑑𝛽 𝑉−1/2𝑥
∞

𝟏 ≤ 𝑏

• Parameterize the infinity-norm:

𝒴𝑜(𝑘, 𝜉) = 𝑥 ∈ 𝒳: መ𝐴𝑥 − 𝑑𝜉𝛽 𝑉−1/2
𝑘

𝑥𝟏 ≤ 𝑏

𝒴𝑜 = ራ

𝑘∈ 𝑑 ,𝜉∈{−1,1}

𝒴𝑜(𝑘, 𝜉)

• Simultaneously use gradient descent within 𝒴𝑜(𝑘, 𝜉) and Hedge 

to choose 𝑘, 𝜉.
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