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CONTRIBUTIONS SAFE LINEAR BANDIT PROBLEM
We study the safe linear bandit problem, a version of the stochastic linear bandit Interaction Model:
problem where the learner must satisfy uncertain constraints in every round. For this At each round t € [T]:

problem, we give a novel algorithm (ROFUL), a novel generalization (linked convex
constraints), and improved regret guarantees for specific settings (problem-dependent
and finite star-convex action sets).

1. Play action x; € X.
2. Observe reward y, = 0"x, + €, (unknown 0).
3. Observe constraint feedback z, = a'x; + n, (unknown a).

Algorithm General Frslolem- Hllie Shiek- Linked cqnvex Learning Goals:
Dependent convex constraints T
* Minimize pseudo-regret:

R = 2 0" (x. —x¢), x.=argmaxyeyd'x, Y={x€X:a'x<b}
;

d2
A + VT ] dVT e Satisfy constraint in all rounds: a'x, < b Vt € [T]
~OEUL T d? T Assumptions:
T A +T _ « Action set (X) is star-convex and bounded (J|x|| <1 Vx € X).
. . . » -
Safe-PE ) ) JaT JaT Optimal reward is pqsﬂwe (6 x, > 0).
 Reward and constraint are bounded (||8]| < Sg, ||lal| < S,).
Novel algorithms and regret bounds, where prior work shown in . Regret bounds are O(+). e Noise (Et: 77t) IS SU bgaussian.

TECHNICAL APPROACH

Fundamentally, this is a problem of choosing directions, where the uncertainty in each direction comes from both the reward and constraint functions.

* In each direction (u € S), the only viable action is that with the largest scaling. Our algorithms use this idea:
« Therefore, the challenge is to choose directions to efficiently balance exploration- * ROFUL chooses the optimistic direction in each round.
exploitation given that the reward and maximum scaling in each direction is unknown. * Problem-dependent analysis considers directionally well-separated instances.
* Then, the best action is the one In this direction with the largest safe scaling. » Safe-PE eliminates low-reward directions in each phase.
ROFUL ALGORITHM PROBLEM-DEPENDENT ANALYSIS
Optimistic and pessimistic sets: The algorithm Directional reward gap: We consider the gap

In reward between the best and second-best
directions,

A = inf 07 (x, — x).

XEY : x+ax, Va>0

makes use of sets that overestimate the feasible
set (optimistic set Y?) and underestimate the
feasible set (pessimistic set Y;).

Optimistic direction selection: The optimistic
direction is identified by finding the optimistic action
(X;) that maximizes the upper confidence bound of
the reward over the optimistic set (line 4).

Theorem (Wrong Directions). When A > 0, the
number of wrong directions chosen by ROFUL

s O (57 d%log?T).

Safe scaling: The safe scaling of the optimistic
direction Is found by finding the largest scaling of
the optimistic direction that is in the pessimistic set,
while incorporating the assumed bound on

Nearly dimension-free regret: When A>0
and A Is known, it Is possible to achieve

O (df + \/T) regret by first identifying the correct

constraint (line 6). direction and then playing in only that direction.
Algorithm 1: Restrained OFUL (ROFUL)
fort=1toT d . . : :
; OrU dqteoa '—?V_l ST and 6, = Vel S g where Vi = S aal + AL Finite directions: When the action set has
pda, tp-— t k:1:¥c kand O =1V = 2 g=1 TkYk; f o =1 | finite directions (i.e. finite star-convex), then
3 | Update )} := {T € X :ay v+ Biflw]y— < b} and Yy = {T € X :a; x— fiflz]ly-r < b}- the confidence set can be constructed over
4 | Find a ; € argmax, ¢y, (éj T + B :r;HVt_l). each direction, reducing width of confidence Explore Eliminate low-

set by Vd. (27 rounds) reward directions

1 else. Theorem (Regret of Safe-PE). When the
action set iIs finite star-convex, Safe-PE

6 Set p; = max {p € [0,1] : pu&; € Y’} and v, = max ( by, 1 ). | B
t ( ) enjoys regret O(VdT).

7 Play x; = v;x; and observe v, z;.
8 end
Theorem (General Regret Bound). With probability at least 1 — §, ROFUL ensures that LINKED CONVEX CONSTRAINTS
- 18]l + S, - T Convex constraints: We extend
Ry < 2——=—Fr |2dTlog{ 1+ 7. the problem to convex constraints
\ with linear uncertainty, i.e.
Comparison to existing approaches: Ax; €G

* Existing approaches (e.g. [1][2][3]) choose actions directly from the pessimistic set
using an expanded upper confidence bound.

* Unlike ROFUL, these existing approaches rely on a fixed constant that needs to be
chosen ahead of time and therefore chosen with worst-case quantities.

« ROFUL enjoys better empirical performance when constraint is less tight, i.e. b Is
large.

for convex G and feedback z;, =
Ax: + 1.

Analysis approach: We take a
convex analysis-based approach,
using the fact that

> > when rB C G.
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